This contribution contains a review of the role of the three-sphere free energy F in recent developments related to the F -theorem and F -maximization. The F -theorem states that for any Lorentz-invariant RG trajectory connecting a conformal field theory CFT UV in the ultraviolet to a conformal field theory CFT IR , the F -coefficient decreases: F UV > F IR . I provide many examples of CFTs where one can compute F , approximately or exactly, and discuss various checks of the F -theorem. F -maximization is the principle that in an N = 2 SCFT, viewed as the deep IR limit of an RG trajectory preserving N = 2 supersymmetry, the superconformal R-symmetry maximizes F within the set of all R-symmetries preserved by the RG trajectory. I review the derivation of this result and provide examples. This is a contribution to the review volume "Localization techniques in quantum field theories" (eds. V. Pestun and M. Zabzine) which contains 17 Chapters available at [1] 
Introduction
A central problem in theoretical physics is to find the laws that govern the low-energy dynamics of a physical system whose microscopic description is either fully known or, more often than not, only approximately known. The conceptual framework in which this problem is usually formulated is that of the Renormalization Group (RG) flow-a motion in the space of theories that captures the effective degrees of freedom as they change with the energy scale used to probe the system. Based on the intuition that the effective number of degrees of freedom decreases during this process, one expects that there exist quite general constraints that limit the set of possible RG trajectories. In practice, such constraints could be extremely valuable because they could rule out or predict the kinds of low-energy dynamics that a given system might exhibit. The goal of this Chapter is to discuss such a constraint, called the F -theorem, which applies to relativistic RG flows in three space-time dimensions, as well as to review a few related developments.
If one insists on Lorentz invariance, as we will do in the present Chapter, a common picture is that the RG flow interpolates between two scale-invariant theories: one valid at high energies (the ultraviolet fixed point) and one valid at low energies (the infrared fixed point). In many cases, the symmetry of these scale-invariant theories is augmented to the conformal group, which in addition to Lorentz transformations and dilatations also includes special conformal transformations.
1 Let us therefore restrict our attention to RG flows between two conformal field theories (CFTs). The statement of the F -theorem is that each CFT can be assigned a number F , equal to the regularized S 3 free energy, F ≡ − log |Z S 3 |, as will be discussed in more detail shortly, with the property that whenever there exists an RG flow between a UV CFT and an IR CFT, one has F UV > F IR . In other words, the F -coefficient always decreases under RG flow. Consequently, the RG flow is not reversible: if there exists a relativistic RG flow between CFT 1 in the UV and CFT 2 in the IR, a relativistic RG flow between CFT 2 in the UV and CFT 1 in the IR is ruled out.
The F -theorem is a rather recent development that applies to three-dimensional QFTs. It has older analogs in other numbers of space-time dimensions. For instance, in two space-time dimensions, Zamolodchikov [5] showed that the central charge c always decreases under RG flow, a result known as the c-theorem. Similarly, in four-dimensional theories, Cardy [6] conjectured that the Weyl anomaly coefficient a has a similar property. This result is known as the a-theorem and was proven recently by Komargodski and Schwimmer [7] . Likewise, in one space-time dimension (i.e. for quantum mechanical systems) it has been proven that the thermal free energy decreases under RG flow, a statement known as the g-theorem [8, 9] .
There is a significant difference between even and odd space-time dimensions, however. The coefficients c and a in two and four space-time dimensions, respectively, correspond to anomalies that are not present in odd space-time dimensions. These anomaly coefficients appear in correlation functions at separated points and can therefore be calculated from correlation functions of local operators. The F -coefficient, on the other hand, is a non-local quantity. Indeed, it can be non-vanishing even in topological field theories that have no local degrees of freedom, as will be shown in the case of Chern-Simons theory in Section 2.1.3. Despite these differences between even and odd space-time dimensions, a unified treatment in all dimensions can be achieved by considering the sphere partition function of the Euclidean CFT.
There are two different paths that led to the development of the F -theorem. The first path involves supersymmetric gauge theories. Three-dimensional superconformal field theories (SCFTs) with N = 2 supersymmetry possess a global U(1) R R-symmetry 2 that appears in the superconformal algebra, just as in the case with N = 1 SCFTs in four dimensions. This symmetry is important because it determines various unitarity bounds-for instance, the scaling dimensions of all scalar operators must be at least equal to the magnitude of their U(1) R charge, and scalar operators that saturate this bound have very special properties. Given an SCFT, it is desirable to determine the U(1) R charges of the various operators of the theory.
In general, the determination of the U(1) R symmetry is a very difficult problem even for theories with Lagrangian descriptions where the SCFT of interest is realized as the infrared limit of an RG flow, because generically the U(1) R R-symmetry appears as an emergent symmetry only at the IR fixed point. In cases where the SCFT of interest can be reached via an N = 2-preserving RG flow that does preserve some R-symmetry U(1) RG R and there are no accidental symmetries at the IR fixed point, the U(1) R symmetry that appears in the superconformal algebra of the IR SCFT can be a linear combination of U (1) RG R and other abelian flavor symmetries preserved throughout the RG flow. It was proposed by Jafferis in [10] and later refined in [11, 12] that a procedure called F -maximization can be used to determine this linear combination. As will be discussed in more detail in Section 3, the procedure involves maximizing the S 3 free energy F over a family of QFTs. A similar procedure for N = 1 theories in four dimensions called a-maximization [13] had been known previously and involved maximizing the anomaly coefficient a. Since the four-dimensional anomaly coefficient a and the three-dimensional S 3 free energy F play similar roles, and since the 4-d a-coefficient was expected to be monotonic under RG flow, it was proposed in [11] that the F -coefficient should have the same property. Many tests of this proposal were performed both in supersymmetric and non-supersymmetric RG trajectories [11, [14] [15] [16] .
The second path to the development of the F -theorem starts from the work of Myers and Sinha [17, 18] , who studied RG flows for quantum field theories with holographic duals. For Lorentz-invariant holographic RG flows between d-dimensional CFTs, they identified a quantity a d that decreases monotonically. Let a * d denote the value of a d at an RG fixed point. It can be shown that in d = 2 one has a * 2 = c and in d = 4 one has a * 4 = a, and thus the quantity a * d provides a generalization of these conformal anomaly coefficients to arbitrary d. As explained in [18] , the quantity a * d can also be interpreted as the universal part in the vacuum entanglement entropy between a ball of radius R and its complement. (In general, this entanglement entropy is divergent, being proportional to the area of the boundary of the ball in units of the UV cutoff. In a CFT it is possible to subtract unambiguously the power divergences and identify a universal contribution.) The connection between the threedimensional a * 3 and the F -coefficient as defined above was made in [19] , where it was shown that for any CFT, the universal part of the vacuum entanglement entropy between a ball and its complement is equal precisely to the F -coefficient.
This second line of development was taken further by Liu and Mezei [20] , who defined for any 3-d Lorentz-invariant RG flow the notion of renormalized entanglement entropy (REE), which is a finite quantity which agrees with the F -coefficient at the UV and IR fixed points. As shown further by Casini and Huerta [21] , the REE interpolates monotonically between F UV and F IR in any Lorentz-invariant RG flow, thus establishing the F -theorem. This proof of the F -theorem is based on the strong subadittivity property of entanglement entropy and generalizes a similar proof of the c-theorem in 2-d [22] . Extending this proof to dimensions higher than three is currently still an open problem.
In the rest of this Chapter I provide more details on these recent developments. I focus on the definition of F as the universal part in the S 3 free energy as opposed to its definition in terms of entanglement entropy, partly because this definition is more closely related to the topics presented in this volume, and partly because it renders F more easily computable in many cases. In Section 2 I discuss the computation of the F -coefficient in free theories and in various approximations such as the 1/N expansion or the ǫ expansion, as well as in supersymmetric theories. These computations provide many checks of the F -theorem. In Section 3 I discuss the F -maximization principle and show how it can be applied in a few simple examples.
2 The F -coefficients of various CFTs
F in free field theories
Let us begin with presenting the computation of F in free field theories, where F can be easily calculated by performing a Gaussian integral [15, 23, 24] .
Free real scalar field
To calculate the F -coefficient of a free massless real scalar field, we start with the action for a conformally coupled scalar:
The conformal coupling term, Rφ 2 /8, guarantees that this action is invariant under Weyl rescalings g µν (x) → e 2Ω(x) g µν (x), φ(x) → e −Ω(x)/2 φ(x), for any Ω(x). Equivalently, the conformal coupling guarantees that the correlation functions of φ computed on a conformally flat space from the action (2.1) agree with those obtained by conformal transformation of the flat space ones. On an S 3 of unit radius, we have that the Ricci scalar is R = 6. The S 3 free energy is therefore
2)
has eigenvalues
each appearing with degeneracy (n + 1) 2 . The free energy is thus
This sum is cubically divergent, but it can be regularized in zeta-function regularization, or by simply multiplying each term by an exponential damping factor e −ǫ(n+
2 ) , with ǫ > 0, and removing the power divergences in 1/ǫ in an expansion at small ǫ. The regularized value of F S is [23] [24] [25] 
A notable feature of this answer is that it is strictly positive, as can be inferred from the F -theorem as follows. While the theory of a free massless scalar considered above is a CFT, the theory of a free massive scalar is not. Instead, a free massive scalar can be thought of as an RG trajectory connecting the CFT of a free massless scalar in the UV and an empty theory (a theory with no local or non-local operators) in the IR. The empty theory is a trivial CFT that should be assigned F empty = 0. That F S > F empty = 0 is thus a necessary condition for the F -theorem to hold.
Free Dirac fermion
The next example of a free theory that we discuss is a free massless Dirac fermion (twocomponent complex spinor), for which the action on S 3 can be written as
where / D is the Dirac operator. The free energy is
As in the case of a massless scalar, writing F D as a sum over the eigenvalues of i / D yields a divergent answer that can be regularized, for instance, using zeta function regularization. For a free massless Dirac fermion, the regularized value of F D is
As in the scalar case discussed above, there exists an RG trajectory corresponding to a free massive fermion that connects the CFT of a free Dirac fermion to the empty theory for which F empty = 0. That F D > 0 is consistent with the F -theorem. For a free Majorana fermion, we have
A free minimal N = 1 multiplet consisting of a free real scalar and a free Majorana fermion therefore has
The F -coefficients of a free massless N = 2 chiral multiplet (consisting of a free massless complex scalar and a free massless Dirac fermion) and a free massless hypermultiplet (consisting of two massless complex scalars and two massless Dirac fermions) are twice and four times the value quoted in (2.10), respectively:
Chern-Simons theory
Another case in which the F -coefficient can be computed is that of Chern-Simons theory at level k, described by the 3-d action 12) where the gauge field A transforms in the adjoint representation of the gauge group. In the case of U(N) (or SU(N)) the Chern-Simons level k is quantized in integer units provided that "tr" is the trace in the fundamental representation. In the N = 1 case, an explicit evaluation of the Gaussian integral as in the scalar and fermion cases above, one obtains In this case
More generally, for U(N) Chern-Simons theory at level k, we have, when N > 1, [26] 
It is worth noting that in Maxwell theory on an S 3 of radius R, we have [16] (see also [27] )
This theory is not conformal, because e 2 has dimensions of mass. When R → 0, we have F Maxwell → ∞, which is again in agreement with the F -theorem as applied to the case of the Maxwell-Chern-Simons theory, which can be thought of as an RG flow between Maxwell theory in the UV and Chern-Simons theory at level k in the IR.
F in perturbative expansions
In theories that are not free, the F -coefficient is more difficult to calculate. As we now describe, it can be calculated approximately in various perturbative expansions. In Sections 2.4 and 3, we will describe the computation of F in supersymmetric theories, where it can be computed exactly.
Theories with many flavors
Theories with many flavors, such as the critical O(N) vector model, become approximately free when the number of flavors is taken to infinity, and the F -coefficient of such a theory approaches that of the corresponding free theory. A general class of such theories are ChernSimons theories coupled to charged bosons and fermions, such as a U(1) gauge theory with Chern-Simons level k to which we couple N b complex scalars with charge q b and N f Dirac fermions with charge q f with the action on R 3 given by
Here, the ellipses denote other possible interactions, such as a Maxwell term for the gauge field, or a sextic boson coupling, which are believed to be irrelevant at large distances. This action does not include fermion mass terms or Yukawa terms, as these can be projected out by imposing discrete symmetries. An interesting limit of (2.16) is that where N f , N b , and k are all taken to infinity together. In this limit, one can argue that, upon tuning the boson mass parameter s, the IR physics is described by an interacting conformal field theory. To leading order, the F -coefficient is given by that of N b free complex scalars and N f free Dirac fermions, namely
where F S and F D are given in (2.5) and (2.8), respectively. The first correction to (2.17) can be computed as follows [16] . The first step is to decouple the quartic scalar interaction with the help of a dynamical Hubbard-Stratanovich field λ, thus making the replacement
in (2.16). Integrating over λ, one recovers the quartic scalar interaction. At low energies, u grows and the term λ 2 /u can be dropped. One can then consider the resulting action on any conformally flat space:
In the case of an S 3 of unit radius, we have R = 6, as before. Performing the Gaussian path integral over the bosons and fermions, the S 3 partition function becomes
with
When N f , N b , and k are large, the typical fluctuations of both the gauge field and the Lagrange multiplier are suppressed, and one can calculate Z in a saddle point approximation: 
The Gaussian integral in (2.22) over A µ and λ is rather complicated, but was performed in [16] . The final result for F is log k from (2.24), one obtains
The correction to the free theory result given by the second term in (2.24) is a particular case of a more general setup, where instead of gauging a spin-1 current we gauge one of the higher spin currents of the free theory [28] . A related approximation scheme can be developed in the case of double trace deformations of large N vector models [15, 28] .
F from the ǫ expansion
Another perturbative expansion that is commonly used in the theory of critical phenomena is the ǫ expansion [29] (for a review, see [30] ). This method is successfully used, for instance, to estimate certain critical exponents in CFTs such as the 3-d Ising model, and these estimates agree quite well with experimental measurements and lattice simulations. The idea of the ǫ expansion is to continue the CFT of interest to non-integer space-time dimensions and identify the number of spacetime dimensions d = d * where the theory can becomes free, or more generally, where the theory can be solved exactly. Then one can develop a perturbative expansion in ǫ = d − d * and extrapolate these results to the value of d of interest.
In recent work, Refs. [31] [32] [33] applied the ǫ expansion method to the computation of the F -coefficient in theories such as the critical O(N) vector models, Gross-Neveu models, and quantum electrodynamics with charged fermionic matter. In general, it is expected that the free energy F (d) on a round S d should diverge (even after removing non-universal divergences) when d approaches an even integer due to the presence of a conformal anomaly. Indeed, when d is an even integer, the S d free energy has a universal logarithmic dependence on the radius of the sphere proportional to the conformal anomaly coefficient-in d = 2 the coefficient of the logarithmic divergence equals a in the convention where a free real scalar has a = 1/90. The theories studied in [31] [32] [33] are solvable precisely in even d, where these divergences occur. To obtain a finite quantity, Refs. [31] [32] [33] defined
After removing non-universal divergences, the quantityF [31, 32] it was found thatF
represents the value ofF (d) of a free conformally coupled scalar. In d = 3, (2.28) reduces to (2.5).
Of particular interest is the N = 1 case where the critical O(N) vector model is nothing but the critical Ising theory. In this case O(1) = Z 2 , and the critical Ising theory can be thought of the IR fixed point of a real scalar with a quartic potential, 
The F -coefficient of the 3-d Ising CFT is thus fairly close to that of a free scalar field, but slightly smaller than the latter as required by the F -theorem. That the ratio (2.30) is close to 1 indicates that the 3-d Ising CFT is in some sense fairly close to the free scalar CFT in the space of all CFTs. For comparison, the scaling dimension of φ in the Ising CFT is ∆ Ising φ ≈ 0.518, which is fairly close to the free scalar value ∆ free φ = 1/2, but the scaling dimension of φ 2 is rather different being ∆ Ising φ 2 ≈ 1.412 in the Ising CFT and ∆ free φ 2 ≈ 1 in the free theory. As another comparison, the two-point function of the canonically normalized stress energy tensor T µν obeys T µν (x)T ρσ (0) Ising ≈ 0.947 T µν (x)T ρσ (0) free , so again this quantity in the interacting theory is very close to the free field result.
It is worth noting that Refs. [31] [32] [33] also conjectured thatF (d) may obey a generalized version of the F -theorem as well as of the F -maximization principle to be discussed in Section 3. (See also [34] .)
F in theories with holographic duals
Another class of CFTs where one can calculate the F -coefficient approximately are CFTs with holographic duals. Quite generally, suppose we have such a CFT whose vacuum is dual to the AdS 4 solution of the classical equations of motion of an effective 4-d two-derivative gravity (or supergravity) theory with negative cosmological constant. Let L be the radius of curvature of AdS 4 . In Einstein frame, the two-derivative classical Euclidean action can be written as
where G 4 is the 4-d Newton constant, and L matter is the matter Lagrangian that we assume vanishes on the (Euclidean) AdS 4 solution of the equations of motion.
In the regime where classical two-derivative supergravity is a good approximation, the F -coefficient of the dual field theory is simply equal to the regularized value of the Euclidean on-shell action. The Euclidean continuation of AdS 4 is the hyperbolic space H 4 , whose line element is
where ds 2 S 3 is the metric on a round three-sphere of unit curvature radius. The Ricci scalar of (2.32) is R = −12/L 2 , and so plugging (2.32) into (2.31), we can write the on-shell action as
The volume of H 4 is of course infinite, but it can be regularized by imposing a cutoff that obeys the SO(4) symmetry:
After throwing away the power divergences in Λ and using Vol(S 3 ) = 2π 2 , we obtain Vol(
From (2.33), we deduce that [11, 35] 
in the classical gravity approximation. To find an explicit expression for F in terms of field theory data, one has to use the AdS/CFT dictionary on a case-by-case basis to relate L 2 /G 4 to quantities defined in the field theory.
An interesting class of examples of CFTs with AdS 4 duals are the infrared limits of the effective theories on N coincident M2-branes placed at the tip of a Calabi-Yau cone. If Y 7 is the seven-dimensional Sasaki-Einstein manifold that is the base of this cone, then these CFTs are dual to the AdS 4 × Y 7 solution of eleven-dimensional supergravity with N units of seven-form flux threading Y 7 . It can be shown that in this case [35] 36) to leading order at large N. That in the theories on N coincident M2-branes the number of degrees of freedom scales as N 3/2 at large N was first noticed by Klebanov and Tseytlin [36] in the computation of the thermal free energy. A field theory explanation of the N 3/2 scaling of the F -coefficient was provided with the help of supersymmetric localization, as will be reviewed in the next section.
F in supersymmetric theories
Besides free theories, the F -coefficient can also be computed exactly in superconformal field theories (SCFTs) that have Lagrangian descriptions, where one can use the technique of supersymmetric localization. The idea [37] of supersymmetric localization is as follows. In a supersymmetric theory, the value of a functional integral does not change if we add a term to the action that is Q-exact, Q being a supercharge under which the action is invariant. Moreover, if this Q-exact term has a positive-definite bosonic part, then adding it with a large coefficient allows for the evaluation of the functional integral in the saddle point approximation, which in this limit becomes exact. The saddles on which the functional integral localizes are those on which the Q-exact term vanishes. In favorable circumstances, as is the case of N ≥ 2 theories on S 3 , the localization locus is finite dimensional, so the partition function can be expressed as a finite dimensional integral.
Building on the work of [38] , the technique of supersymmetric localization was first applied to three-dimensional SCFTs on S 3 in [39] . Ref. [39] focused on the case of SCFTs with Lagrangian descriptions of the type constructed in [40, 41] whose Lagrangians are invariant under superconformal transformations. All theories of this type that preserve N ≥ 3 supersymmetry have this property. These results were then further generalized to N = 2 SCFTs that are embedded as deep IR limits of RG flows triggered by relevant superpotential interactions [10] . As will be explained in the next section, in these N = 2 examples one also has to supplement the supersymmetric localization with the technique of F -maximization [10] [11] [12] . It is not currently known how to calculate the F -coefficient of SCFTs with only N = 1 supersymmetry using similar methods. In the remainder of this section, let us focus on N ≥ 3 SCFTs with exactly marginal Lagrangians as in [40, 41] , and defer the discussion of N = 2 SCFTs to Section 3.
The field content of these N ≥ 3 SCFTs can be described in terms of vector multiplets and hypermultiplets. While we provide explicit Lagrangians in an N = 2 notation and more details of the supersymmetric localization computation in the next section, let us now simply state the results in the case of N ≥ 3 SCFTs and provide a few examples. Let our N = 3 SCFT have gauge group G, written as a product of simple factors,
, and with the Chern-Simons level of each factor denoted by k a . The matter content consists of hypermultiplets H i transforming in representations R i of the gauge group. For such a theory, it is explained in detail in Contribution [42] that upon using the technique of supersymmetric localization the partition function takes the form
Here, σ is an element of the Lie algebra that lies along the Cartan subalgebra; in particular, it can be written as σ = σ a h a . The determinant of f (σ) in a representation R with weights w i a , with i ranging from 1 to the dim R, is defined as
The determinant in the adjoint in the numerator of (2.37) is defined as (2.38) but without including the zero weights (i.e. the Cartan elements) in the product. Lastly, |W| is the order of the Weyl group of the gauge group.
Examples
As a first example, let us consider N = 4 U(1) super-QED with N hypermultiplets of unit gauge charge. N = 4 supersymmetry requires k = 0 in this case. From (2.37), we have [16] 
(2.39)
Quite nicely, this expression matches the first few terms of (2.24), as can be easily checked after noting that N hypermultiplets contain N b = 4N real scalar fields and N f = 2N Dirac fermions. In addition, when N = 1, (2.39) gives Z = 1 2
, or F = log 2, which is the same value of F as for a free hypermultiplet-see (2.11). Indeed, N = 4 SQED with one charged hypermultiplet is known to be mirror dual to a free (twisted) hypermultiplet [43] .
Another application of (2.37) is to SCFTs with holographic duals [14, 35, [44] [45] [46] , where it provides a field theory explanation for the effective number of degrees of freedom of theories on coincident M2-branes mentioned in Section 2.3. One of the simplest such examples is that of N M2-brane placed at a C 4 /Z k singularity, where the space Y 7 appearing in (2.36) is a freely acting Z k orbifold of the 7-sphere, Y 7 = S 7 /Z k . The dual field theory is an N = 6 theory, which in N = 3 language is a U(N) × U(N) gauge theory with Chern-Simons levels k and −k for the two gauge groups, and with matter given by two bi-fundamental hypermultiplets [47] .
3 Eq. (2.37) takes the form
This integral can be solved through a variety of methods [35, 44, 46] . At large N and fixed k, it gives 42) thus reproducing the supergravity expectation (2.36) after using Vol(S 7 /Z k ) = π 4 /(3k). (See also Contribution [48] for a calculation of F in a 't Hooft-like limit where N is taken to infinity while keeping N/k fixed.) This field theory calculation of F provides, in this example, a derivation of the N 3/2 scaling behavior of the number of degrees of freedom on N coincident M2-branes without relying on the dual supergravity description. Various other generalizations to other 3-d theories with supergravity duals were considered in [11, 14, 35, 45, [49] [50] [51] [52] [53] [54] [55] [56] [57] . They are rather stringent tests of the corresponding holographic dualities.
are described as IR fixed points of non-trivial RG flows, and one simply cannot write down a Lagrangian for these IR fixed points that is superconformal, as was the case for the N ≥ 3 SCFTs. Consequently, one cannot use the stereographic projection map to put a generic N = 2 SCFT on S 3 directly, without having to rely on its definition as the IR limit of an RG trajectory. In general, mapping the RG trajectory from R 3 to S 3 is ambiguous because there are many curvature couplings one can add in this process.
The ambiguities in mapping from R 3 to S 3 can be fixed and one can generalize the technique of supersymmetric localization if the RG trajectory on R 3 preserves a U(1) Rsymmetry. If flavor symmetries are also present throughout the RG trajectory, then this U(1) R symmetry may not be unique, because any linear combination of a given U(1) Rsymmetry and any of the U(1) flavor symmetries is also an R-symmetry.
For any choice of U(1) R symmetry preserved by the RG flow, it is possible to map the RG flow from R 3 to S 3 uniquely by requiring that the curvature couplings are such that the RG flow on S 3 preserves an SU(2|1) × SU(2) symmetry, whose bosonic part consists of the SO(4) = SU(2) × SU(2) isometry group of S 3 as well as the U(1) R symmetry mentioned above. (There is only a discrete choice as to which SU(2) subgroup of SO (4) is part of SU(2|1).) In the case of Chern-Simons matter theories, explicit Lagrangians invariant under SU(2|1) × SU(2) were constructed in [10, 58] , and a more systematic approach based on coupling the flat space theory to a background supergravity multiplet was developed in [12, 59, 60] . (See also Contribution [61] .)
Non-conformal theories on S

3
To be concrete, let us briefly review the construction of these SU(2|1) × SU(2) invariant actions on S 3 .
4 (See also Contribution [42] .) As mentioned above, there is a discrete choice in constructing such actions corresponding to which SU(2) subgroup of the SO(4) ∼ = SU(2) L × SU(2) R isometry group of S 3 is the one contained in SU(2|1). This choice is manifested in which Killing spinors are chosen as supersymmetry transformation parameters. We choose to construct actions invariant under supersymmetry transformations with ǫ,ǫ obeying
where a is the radius of the sphere. These spinors are invariant under SU(2) L , but transform under SU(2) R as a doublet, provided that we work in a frame given by SU(2) L -invariant one forms on S 3 -see footnote 4. Therefore, if one chooses the transformation parameters to obey (3.1), the theories we will consider on S 3 are invariant under SU(2|1) R ×SU(2) L , where SU(2) R is contained in SU(2|1) R . Similar actions can be obtained using SU(2) R -invariant spinors by formally sending a → −a in (3.1) and in all the formulas below. 4 We use the notation in [62] . In particular, we take the Euclidean gamma matrices to be given by the Pauli matrices, γ i = σ i , where i is a frame index that is raised and lowered with the flat 3-d Euclidean metric. We use the frame e i µ given by the left-invariant one-forms. In this frame the spacetime covariant derivative on a spinor ψ can be written as
Just as in the case of N = 1 supersymmetric theories in four dimensions, the explicit actions can be constructed from vector multiplets and chiral multiplets as follows. Let us write the gauge group as a product of simple factors, 
In Euclidean signature, we should allow A a µ , σ a , and D a to be complex and thus formally treat the tilde'd fields as independent from the untilded'd ones.
We would like to construct an action on S 3 that is invariant under SU(2|1) × SU(2). The transformations of the fields under the fermionic part of this superalgebra, with independent supersymmetry parameters ǫ andǫ obeying (3.1), can be realized on the fields as
for a vector multiplet, and
for a chiral multiplet. Indeed, in the a → ∞ limit, the supersymmetry transformations rules listed above are the usual ones from flat space. The 1/a corrections are precisely what is needed in order to realize the commutation rules of the SU(2|1) algebra: writing the supersymmetry variations in terms of the supercharges,
it is straightforward to check that (3.3)-(3.4) imply
where J i is an SU(2) R isometry, and R is the R-charge. For a chiral multiplet (Z, χ, F ), the R-charges are (r, r − 1, r − 2). The anti-chiral multiplet (Z,χ,F ) has opposite R-charges. The total action on S 3 preserving SU(2|1) × SU (2), with a given choice of U(1) R Rsymmetry contained in SU(2|1), can be written as a sum of four terms:
The first term corresponds to a possible Chern-Simons interaction term with level k a for the gauge group factor G a . To avoid clutter, let us write down the Chern-Simons term for a vector multiplet V = (A µ , λ, σ, D) with level k, thus dropping the superscript a:
This is simply the supersymmetrized version of the Chern-Simons term in (2.12). The second term in (3.7) includes the kinetic terms for the chiral multiplets. The kinetic term for a chiral multiplet Φ = (Z, χ, F ) with U(1) R charge r is
Here, ∇ µ includes the gauge covariant derivative, namely
(See footnote 4 for our frame and gamma matrix conventions.) The total Chern-Simons and kinetic terms are
where the sum is over all chiral multiplets Φ i with R-charge r i . These terms are invariant under (3.3)-(3.4) for any choices of r i .
The third term in (3.7), S superpot , corresponds to superpotential interactions and is given by
where
This term is invariant under (3.3)-(3.4) only if the superpotential satisfies
This condition is obeyed if W is a sum of monomials in the Z i with the property that the sum of the R-charges of each monomial equals two. It thus follows that the trial R-charges r i are not arbitrary, but that they are constrained by the condition that the superpotential should have R-charge two.
It is worth noting that if one sends r i → r i + im i a in the action above, the parameters m i are nothing but "real masses" for the chiral multiplets. The S 3 action is therefore holomorphic in r i + im i , a property first noticed in [10] and later explained in [12] . The explanation of this holomorphy provided in [12] is that a change in r i + im i can be realized by coupling one of the conserved currents of the theory to a background vector multiplet, and then giving supersymmetry-preserving expectation values to the scalars in the background vector multiplet. See also Contribution [61] . We will return to this point of view shortly.
The last term in (3.7) is more subtle, but can become important in a gauge theory where the gauge group has a U(1) or U(N) factor with no Chern-Simons interactions. (In other situations it may be ignored.) For every such factor, the contribution to the last term in (3.7) is an FI term
with parameter r top ; the total term is
As written in (3.13), real coefficients r a top correspond to pure imaginary FI parameters. As we will now explain, the coefficients r a top are in some sense on the same footing as the R-charges r i in (3.10) in that they are part of the definition of which U(1) R symmetry was used to place the theory on S 3 . Indeed, for a U(1) or U(N) gauge group factor, one can construct the conserved current [63, 64] , which are defined through certain boundary conditions that the gauge field as well as the other fields in the N = 2 vector multiplet should satisfy close to the insertion point. These operators can only carry integer units of topological charge q top = d 2 xj 0 top ∈ Z. In a supersymmetric theory, these operators may carry R-charge as well as other flavor charges. For instance, a half-BPS monopole operators M of charge q top has R-charge γ(|q top |) + r top q top (3.16) where γ(|q top |) can be computed at one-loop and depends only on the absolute value of q top [65, 66] , and r top is the parameter in (3.13). Thus, in specifying the U(1) R symmetry used to place a Chern-Simons matter theory on S 3 requires specifying both the R-charges r i of the chiral matter fields and the R-charge parameters r top of the chiral monopole operators.
Just as if one sends r i → r i + im i a can introduce a real mass deformation of the S 3 theory, sending r top → r top + iζ introduces an FI parameter ζ. The S 3 partition function is thus holomorphic in r top + iζ, as can be understood from the fact that r top + iζ arises as the expectation value of a background vector multiplet that couples to the conserved current multiplet that contains the topological current (3.15) . See [12] and Contribution [61] .
The explicit construction of SU(2|1) × SU(2)-invariant theories on S 3 presented above can be rephrased in a more abstract language [12, 59, 60] . Suppose we start with the nonconformal theory on R 3 that is believed to flow to our SCFT of interest in the IR-in other words, suppose we start with the flat space a → ∞ limit of (3.7) and try to deduce the various terms proportional to 1/a and 1/a 2 in (3.3)-(3.13). We choose a U(1) R symmetry preserved by this non-conformal theory in flat space. One can find a unique super-multiplet R µ that contains the U(1) R current, the stress-energy tensor, the supersymmetry current, a conserved current corresponding to the central charge of the supersymmetry algebra, and a string current. This multiplet can then be coupled to a background supergravity multiplet. The supergravity multiplet contains the metric g µν , the gravitino, two Abelian gauge fields, and a two-form gauge field. The various terms proportional to 1/a and 1/a 2 in (3.3)-(3.13) correspond to non-vanishing background values for the fields in the H µ multiplet required in order to preserve supersymmetry. See [12, 59, 60] as well as Contribution [61] for more details.
Supersymmetric localization
The S 3 partition function of Chern-Simons matter theories with the action (3.7) can be computed using supersymmetric localization [10, 58] building on the work of [39] . The idea is that 17) for some suitable operator P and supercharge Q such that the bosonic part of {Q, P } is positive definite. Taking t → ∞ in (3.17), one can evaluate this expression in the saddle point approximation by considering quadratic fluctuations around the configurations where {Q, P } = 0:
The choice
obeys the properties mentioned above. Moreover, {Q, P } = 0 implies that all the fields vanish except for σ a and D a , which are required to take constant values related by
On this configuration, only the first and last terms in (3.7) have a non-zero contribution. For a vector multiplet V with Chern-Simons level k and imaginary FI parameter r loc , this classical contribution is
where we used the fact that the volume of a three-sphere of radius a is 2π 2 a 3 . We will set the radius of the sphere to a = 1 from now on.
The computation of the one-loop determinants is tedious and performed in detail in Contribution [42] . Here, we will only list the results. The one-loop determinant for a vector multiplet V is 22) where the determinant in the adjoint representation is defined as in (2.38), but without including the zero weights in the product. For a chiral multiplet Φ of R-charge r transforming in representation R of the gauge group, the one-loop determinant is
where the determinant in representation R was defined in (2.38), and the function ℓ(z) is defined by ℓ ′ (z) = −πz cot πz and ℓ(0) = 0. Explicitly,
Combining these expressions, we can write the partition function as [10]
Here |W| is the order of the Weyl group of the gauge group.
F -maximization
In Section 3.1 we started with a non-conformal theory on R 3 preserving a U(1) R R-symmetry R and used this R-symmetry to couple this theory to curvature in a supersymmetric way. We wrote down an action on S 3 preserving SU(2|1) × SU(2) where U(1) R appears in the SU(2|1) algebra. In Section 3.2 we explained how to evaluate the S 3 partition function Z for this theory. We now discuss in more detail the freedom one has in this construction, and how one can determine the U(1) R symmetry that is part of the superconformal algebra of the IR SCFT on R 3 . As mentioned above, if in addition to a U(1) R symmetry, the non-conformal theory on R 3 also preserves Abelian flavor symmetry, then there is no unique choice for the U(1) R symmetry that can be used in the above construction. Indeed, if the U(1) R current for some (canonical) choice of the U(1) R symmetry is j 
with arbitrary t I , is also an R-symmetry current. The flavor currents j I µ could be either acting on the matter fields or could be topological currents as in (3.15) or, more generally, they could be linear combinations of both types of terms. Eq. (3.26) represents a possible mixing of the R-symmetry with the Abelian flavor symmetries. For each choice of the t I we can construct a different SU(2|1) × SU(2)-invariant theory on S 3 , and so the localization computation in Section 3.2 yields an S 3 partition function Z(t I ) that depends on the t I . Indeed, for a chiral multiplet Φ i we can consider R-charges 27) where q I i is the flavor charge of Φ i under the flavor symmetry generated by j I µ . Upon substitution of (3.27) into (3.4), it can be seen that t I q I i appears in the transformation rules precisely as an expectation value for the background vector multiplet V bg I that couples to the conserved current multiplet that contains j I µ . This expectation value is
From the transformation rules of a vector multiplet (3.3), we see that the configuration (3.28) is supersymmetric. Similarly, for a monopole operator, we can consider the R-charge parameters r a top appearing in (3.14) to be
where q Ia is the charge of the monopole operator under the flavor symmetry j I µ . (For a monopole operator to be charged under j I µ , it must be that j I µ must contain a linear combination of topological symmetries.) The term (3.13) in the action is then precisely the coupling of the background vector multiplet in (3.28) to the conserved current multiplet containing the topological current.
Let us recall why we placed a non-conformal theory on S 3 in the first place: we wanted to learn about the SCFT that sits in the deep IR of the RG flow on R 3 . This SCFT is invariant under an unambiguous U(1) R symmetry that appears in the superconformal algebra. Thus the superconformal U(1) R symmetry must correspond to a specific value t I = t I * of the parameters t I appearing in (3.26) . The statement of F -maximization is that the function
is locally maximized at t I = t I * . 5 F -maximization is thus a procedure for determining the R-symmetry that appears in the superconformal algebra in cases where mixing with Abelian flavor symmetries is possible.
Showing that (3.30) is maximized at t I = t I * requires a careful analysis of contact terms and various relations required by supersymmetry. Intuitively, from (3.28), we see that taking derivatives of Z(t I ) with respect to t I corresponds to insertions of the integrated operator in the supermultiplet containing j I µ that couples to t I via (3.28). Thus, derivatives of Z(t I ) evaluated at t I = t I * can be expressed in terms of integrated correlation functions of operators in the conserved current multiplet in the SCFT, which are all parameterized by just a few numbers. In particular, the first derivative ∂F/∂t I should vanish when t I = t I * because it equals an integrated one-point function in a CFT. The second derivative of ∂ 2 F/∂t I ∂t J equals an integrated two-point function, which in a unitary CFT it must have certain positivity properties. These positivity properties lead to the conclusion that F has a local maximum at t I = t I * .
To be more precise, at the SCFT fixed point, the correlation functions of the canonically normalized flavor currents and R-symmetry current take the form
where τ IJ and τ RR are universal real constants that are positive by unitarity, while the contact terms proportional to the real coefficients κ IJ , κ IR and κ RR can in general depend 5 If one constructs Chern-Simons matter theories as in Section 3.1, with R-charge r i for each chiral multiplet and R-charge parameters r a top for each Abelian gauge group factor, then the S 3 partition function will have flat directions. The number of flat directions is given by the number of Abelian gauge group factors. They correspond to shifting the R-charges by any multiple of the gauge charge. (For more details, see Section 2.3 of [11] .) Consequently, F depends only on the R-charges of gauge invariant operators, and F -maximization should be performed modulo these flat directions.
on the precise UV completion of the theory. By relating the correlation functions of other operators in the flavor current and R µ multiplets to (3.31) , one can show that [12] − log Z(t I ) = − log Z(t I * ) + i2πκ IR (t I − t I * ) − 1 2
Recalling that we defined F = − log |Z| = −Re log Z, we can infer from (3.32) that
Unitarity requires τ IJ > 0, and so (3.33) provides a proof of the F -maximization principle. It is worth emphasizing that, as described above, the function F (t I ) carries useful information about the SCFT even away from t I = t I * . In particular, one can extract the two-point function coefficients τ IJ from the second derivative of F [12] :
Such a relation currently provides the only way of calculating the value of τ IJ in stronglycoupled SCFTs and has been used, for instance, as a key input in the 3-d supersymmetric conformal bootstrap analysis of various N = 2 SCFTs [67] [68] [69] [70] [71] .
Note that F -maximization implies that in the case where there are no accidental symmetries at the IR fixed point, the F -coefficient does decrease under supersymmetric RG flows triggered by superpotential deformations [12] . Indeed, at the UV fixed point, where one should neglect the superpotential, there are more flavor symmetries that can mix with the R-symmetry, so F -maximization has to be performed over a larger set of trial R-charges than in the presence of the superpotential. Consequently, F UV > F IR in these examples.
Examples
N = 2 super-Ising CFT and Wess-Zumino models
Perhaps the simplest example of an N = 2 SCFT where one can use the methods described above to compute its F coefficient is the critical N = 2 super-Ising model. It can be described in terms of a single chiral multiplet Φ = (Z, χ, F ) with a cubic superpotential interaction W = gΦ 3 , g being a dimensionful coupling constant. This non-conformal theory is believed to flow in the infrared to an N = 2 SCFT-the N = 2 super-Ising CFT. The superpotential does not preserve any flavor symmetries. The only R-symmetry is that under which Φ has R-charge r = 1/3. The F -coefficient of this theory can be read off from (3.25) to be
This value is smaller than that of a free chiral multiplet F chiral ≈ 0.347 (see (2.11)), which is the UV CFT fixed point of the RG flow W = gΦ 3 . Table 1 : The superconformal R-charges r i at the IR fixed point of (3.36) .
The N = 2 super-Ising CFT is one of many Wess-Zumino models [72] that are believed to flow to interacting SCFTs in the infrared. (For a review, see [73] .) For instance, one can construct supersymmetric generalization of the critical O(N) vector model by considering
These models have been studied in the 1/N expansion [74] , the 4 − ǫ expansion [75] [76] [77] [78] , and more recently using supersymmetric localization [31, 79] and the conformal bootstrap [67, 68] . 
Using (3.25), one finds
The F -maximization principle states that one should maximize (3.38) with respect to r in order to find the value of r attained at the SCFT fixed point. Doing so, one obtains the values of r given in Table 1 . Since the multiplets Φ i = (Z i , χ i , F i ) are chiral, the values of r given in Table 1 also determine the scaling dimensions of Z i and χ i to be ∆ Z i = r i and
, respectively. In the case N = 2, one can make the redefinitions X = Φ 3 , Y = Φ 1 +iΦ 2 , and Z = Φ 1 −iΦ 2 and rewrite the superpotential (3.36) as W = g XY Z. This theory is the "XY Z model." It is invariant under permuting X, Y , and Z, and consequently at the IR fixed point one expect the R-charges of X, Y , and Z to be equal. Since these charges must add up to two, we must have r X = r Y = r Z = 2/3. Indeed, one can check that when N = 2, (3.38) is maximized when r = 2/3.
Wess-Zumino models of the same type as above also provide an example that emphasizes the limitation of the F -maximization principle of not incorporating accidental symmetries. When using F -maximization, one assumes that the RG flow ends at an SCFT where no accidental symmetries are present. This assumption may of course be wrong. For instance, one can show that the assumption of no accidental symmetries is indeed incorrect in the following generalization of (3.36):
where g 1 and g 2 are coupling constants. The RG flow triggered by (3.39) preserves an O(N) × Z 3 flavor symmetry and a unique U(1) R symmetry under which all the Φ i have Rcharge 2/3. It is tempting to assume that the IR limit of (3.39) is a unitary SCFT where all the Φ i have R-charge 2/3, but this assumption was recently proven to be incorrect if N > 2 using the conformal bootstrap [67] . Based on arguments coming from the 4 − ǫ expansion, what is believed to happen in the model (3.39) when N > 2 is that the coupling g 2 flows to zero in the IR, the flavor symmetry thus being enhanced to O(N) × U(1). The IR fixed point of (3.39) is then believed to be the same as that of (3.36).
N = 2 SQED and a test of dualities
As another example, one can consider N = 2 supersymmetric quantum electrodynamics with N pairs of conjugate flavors that we denote by Φ i (of gauge charge +1) andΦ i (of gauge charge −1), with i = 1, . . . , N, and vanishing superpotential. One can also add a ChernSimons term with level k for the U(1) vector multiplet. This theory has the following flavor symmetries: a U(1) flavor symmetry under which both Φ i andΦ i have the same charge; an SU(N) symmetry under which the Φ i transform as a fundamental andΦ i as an antifundamental; a topological U(1) symmetry generated by * F ; as well as a charge conjugation symmetry that flips the sign of the fields in the vector multiplet and interchanges Φ i with Φ i . If we want to preserve the SU(N) symmetry and the charge conjugation symmetry, then the R-symmetry can only mix with the flavor U(1) under which Φ i andΦ i have the same charge. Thus, one can consider a family of R-charge assignments
parameterized by r. The S 3 partition function is
It is straightforward to calculate numerically this integral and maximize F = − log |Z| with respect to r. One can also develop an analytical approximation in the regime where N and k are both taken to be large, with the ratio κ = 2k/(Nπ) fixed. One finds the value of r that maximizes F to be [16] 
The corresponding F -coefficient is
It can be checked that the analytical approximation (3.42)-(3.43) matches quite well the numerical results even at fairly small values of N. It also matches the large N expansion in (2.24), if one identifies N b = N f = 2N. See [16] for more details. An interesting particular case is SQED with only one pair of conjugate chiral multiplets of unit gauge charge and no Chern-Simons interactions, namely k = 0 and N = 1, where it can be checked numerically that the value of r that maximizes F is r = 1/3. Indeed, in this case the S 3 partition function can be written as [10] 44) where the last equality can be checked numerically, for instance. This is nothing but the S 3 partition function of the XY Z model (see the discussion following (3.25)) with R-charge assignments r X = 2r, r Y = 1 − r, r Z = 1 − r. Indeed, the SQED with 1 pair of conjugate chirals is known to be dual to the XY Z model [80] . That F is maximized when r = 1/3 is consistent with the fact that in the XY Z model F is maximized for the symmetric R-charge assignment r X = r Y = r Z = 2/3. The expression (3.44) is not just a check of the duality between the XY Z model and SQED, but it also provides some insight into how the duality works. In particular, the chiral field X is dual to an operator of R-charge 2r (this isQQ), while Y and Z are dual to operators of R-charge 1 −r (these are monopole operators). Other tests of dualities using the S 3 partition function were performed, for example, in [81] [82] [83] [84] [85] [86] [87] [88] [89] [90] .
Examples in holography
The N = 2 SCFTs with holographic duals provide a richer set of examples in which one can calculate F via supersymmetric localization and compare it to the supergravity expectation. For instance, there are many SCFTs that are conjectured to be dual to M-theory backgrounds of the form AdS 4 × Y 7 , where Y 7 is a Sasaki-Einstein space, realized by placing N coincident M2-branes at tip of the Calabi-Yau cone over Y 7 . In these instances, supergravity predicts that the F -coefficient is given by (2.36). There have been many field theory computations of F in N = 2 SCFTs that match this supergravity result. See, for example, [11, 49, 51, 84, [91] [92] [93] .
Moving away from SCFTs, one may wonder whether it is possible to calculate the S 3 in supergravity and reproduce from a holographic computation the entire function of the trial R-charges, even before performing F -maximization in the field theory. This question was studied in [62] in the context of ABJM theory [47] . ABJM theory is a U(N) k × U(N) −k Chern-Simons-matter theory that in general preserves N = 6 supersymmetry that is believed to be enhanced to N = 8 when k = 1 or 2. In N = 2 notation, the field content of ABJM theory consists of two U(N) vector multiplets with Chern-Simons interactions k and −k, with matter content consisting of two chiral multiplets Z i , i = 1, 2 transforming as a bifundamental of U(N) × U(N) and two chiral multiplets W i , i = 1, 2, transforming in the conjugate representation. The superpotential is of the form
with a precise coefficient fixed by the extended supersymmetry of the theory. The extended supersymmetry also fixes the R-charges of the chiral operators to r W i = r Z i = 1/2, so there is no need to perform F -maximization in this case. However, one can nevertheless consider a 3-parameter family of trial R-charges given by arbitrary r W i and r Z i with the constraint This expression agrees with (2.42) when r W i = r Z i = 1/2. In the case k = 1, the 3-parameter R-charge deformations mentioned above are dual to holographic RG flows that asymptote to H 4 × S 7 in the UV. These flows were constructed in [62] in a 4-d model that can be uplifted to a background of 11-d supergravity. This model involves Einstein gravity coupled to three complex scalar fields, each of which corresponds to one of the three parameters in the family of R-charge assignments. Upon a careful use of holographic renormalization and supersymmetry, Ref. [62] obtained a perfect match of the 4-d on-shell supergravity action with (3.47). 9 
Conclusion
In this contribution I reviewed some of the recent developments related to the S 3 free energy of various supersymmetric and non-supersymmetric CFTs in three dimensions, in particular 8 We may r a top = 0 as a choice in order to fix the flat directions mentioned in Footnote 5. These parameters were included in the analysis performed in [11] .
9 See also [94] [95] [96] [97] [98] [99] [100] [101] [102] for other constructions of supergravity backgrounds dual to deformations of supersymmetric field theories on curved manifolds. the F -theorem and the F -maximization principle and some of their applications. In Section 2 I have shown how the F -coefficient can be computed in various approximation schemes, and how these results are consistent with the F -theorem in several examples. In Section 3 I explained how F can be computed exactly in SCFTs with N ≥ 2 supersymmetry, and as a byproduct how one can determine the R-charges (or scaling dimensions) of the various chiral operators of these SCFTs by maximizing the F over a set of trial R-charges, both in general and in a few examples.
The irreversibility of the RG trajectories that is required by the F -theorem is a fundamental property of relativistic quantum field theory in three dimensions. An interesting open problem remains to prove the F -theorem in a way that uses directly the properties of the S 3 partition function, without appealing to the notion of entanglement entropy. Perhaps a related future direction would be to construct a function that interpolates between F UV and F IR monotonically along any RG trajectory and that is stationary at the UV and IR fixed points. The proof of the F -theorem using entanglement entropy [19, 21] that I did not review here does provide a strictly monotonic interpolating function, namely the renormalized entanglement entropy proposed in [20] , but this function may or may not be stationary at the UV and IR fixed points [103, 104] . Lastly, it would be interesting to investigate whether there exists an analog of the F -theorem in a larger odd number of spacetime dimensions. For instance, in five dimensions there are a few examples of RG trajectories between pairs of CFTs that obey a conjectured F -theorem [105, 106] , but there is no general proof of such a result.
